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Eliminators and Fixpionts

• Coq is based on the Calculus of Inductive Constructions (CIC) [1].

• To construct: constructors

To eliminate: eliminators (aka recursors, destructors), or fixpoints + match.

Fixpoint add (m n : nat) {struct m} := match m with O => n | S m' => add m' (S n) end.

• Advantage: extracted code to e.g. OCaml is more idiomatic

1



Eliminators and Fixpionts

Unrestricted fixpoints can be non-terminating…

#[bypass_check(guard)]
Fixpoint boom (n : nat) : False := boom n.

and break consistency!

Check (boom 0). (* False *)
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Eliminators and Fixpionts

Unrestricted fixpoints can be non-terminating…

#[bypass_check(guard)]
Fixpoint boom (n : nat) : False := boom n.

and break consistency!

Check (boom 0). (* False *)
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How does Coq avoid non-termination?

The guard checker! It checks for structural recursion.

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.
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How does Coq avoid non-termination?

The guard checker! It checks for structural recursion.

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.
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How does Coq avoid non-termination?

The guard checker! It checks for structural recursion.

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.

Simple!

3



Structural Recursion

Another example:

Fixpoint minus (a b : nat) {struct a} :=
  match a, b with
  | O , _      => O
  | _ , O      => a
  | S a', S b' => minus a' b'
  end.
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Structural Recursion

Fixpoint minus (a b : nat) {struct a} :=
  match a, b with
  | O , _      => O
  | _ , O      => a
  | S a', S b' => minus a' b'
  end.

Fixpoint div (m n : nat) {struct m} :=
  match m with
  | O    => O
  | S k => S (div (minus k n) n)
  end.
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Structural Recursion

Fixpoint minus (a b : nat) {struct a} :=
  match a, b with
  | O , _      => O
  | _ , O      => a
  | S a', S b' => minus a' b'
  end.

div is not guarded! Why?

Fixpoint div (m n : nat) {struct m} :=
  match m with
  | O    => O
  | S k => S (div (minus k n) n)
  end.
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Structural Recursion

Fixpoint minus (a b : nat) {struct a} :=
  match a, b with
  | O , _      => O
  | _ , O      => a
  | S a', S b' => minus a' b'
  end.

Because O is not a subterm of m!

Fixpoint div (m n : nat) {struct m} :=
  match m with
  | O    => O
  | S k => S (div (minus k n) n)
  end.
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Structural Recursion

Fixpoint minus (a b : nat) {struct a} :=
  match a, b with
  | O , _      => a
  | _ , O      => a
  | S a', S b' => minus a' b'
  end.

This is structural!
Things are not as simple as they seem.

Fixpoint div (m n : nat) {struct m} :=
  match m with
  | O    => O
  | S k => S (div (minus k n) n)
  end.
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The Guard Checker of Coq
(* Check if t is a subterm of Rel n, and gives its specification,
   assuming lst already gives index of
   subterms with corresponding specifications of recursive arguments *)

(* A powerful notion of subterm *)

(* To each inductive definition corresponds an array describing the
   structure of recursive arguments for each constructor, we call it
   the recursive spec of the type (it has type recargs vect).  For
   checking the guard, we start from the decreasing argument (Rel n)
   with its recursive spec.  During checking the guardness condition,
   we collect patterns variables corresponding to subterms of n, each
   of them with its recursive spec.  They are organised in a list lst
   of type (int * recargs) list which is sorted with respect to the
   first argument.
*)

(*************************************************************)
(* Environment annotated with marks on recursive arguments *)

(* tells whether it is a strict or loose subterm *)
type size = Large | Strict

(* merging information *)
let size_glb s1 s2 =
  match s1,s2 with
      Strict, Strict -> Strict
    | _ -> Large

(* possible specifications for a term:
   - Not_subterm: when the size of a term is not related to the
     recursive argument of the fixpoint
   - Internally_bound_subterm: when the recursive call is in a subterm
     of a redex and the recursive argument is bound to a variable
     which will be instantiated by reducing the redex; the integers
     refer to the number of redexes stacked, with 1 counting for the
     variables bound at head in the body of the fix (as e.g. [x] in
     [fix f n := fun x => f x]); there may be several such indices
     because [match] subterms may have combine several results;
   - Subterm: when the term is a subterm of the recursive argument
       the wf_paths argument specifies which subterms are recursive;
     the [int list] is used in the [match] case where one branch of
     the [match] might be a subterm but (an arbitrary number of)
     others are calls to bound variables
   - Dead_code: when the term has been built by elimination over an
       empty type
 *)

type subterm_spec =
    Subterm of (Int.Set.t * size * wf_paths)
  | Dead_code
  | Not_subterm
  | Internally_bound_subterm of Int.Set.t

let eq_wf_paths = Rtree.equal Declareops.eq_recarg

let inter_recarg r1 r2 = if eq_recarg r1 r2 then Some r1 else None

let inter_wf_paths = Rtree.inter Declareops.eq_recarg inter_recarg Norec

let incl_wf_paths = Rtree.incl Declareops.eq_recarg inter_recarg Norec

let spec_of_tree t =
  if eq_wf_paths t mk_norec
  then Not_subterm
  else Subterm (Int.Set.empty, Strict, t)

let merge_internal_subterms l1 l2 =
  Int.Set.union l1 l2

let inter_spec s1 s2 =
  match s1, s2 with
  | _, Dead_code -> s1
  | Dead_code, _ -> s2
  | Not_subterm, _ -> s1
  | _, Not_subterm -> s2
  | Internally_bound_subterm l1, Internally_bound_subterm l2 ->
Internally_bound_subterm (merge_internal_subterms l1 l2)
  | Subterm (l1,a1,t1), Internally_bound_subterm l2 -> Subterm
(merge_internal_subterms l1 l2,a1,t1)
  | Internally_bound_subterm l1, Subterm (l2,a2,t2) -> Subterm
(merge_internal_subterms l1 l2,a2,t2)
  | Subterm (l1,a1,t1), Subterm (l2,a2,t2) ->
     Subterm (merge_internal_subterms l1 l2, size_glb a1 a2, inter_wf_paths t1
t2)

let subterm_spec_glb =
  Array.fold_left inter_spec Dead_code

type guard_env =
  { env     : env;
    (* dB of last fixpoint *)
    rel_min : int;
    (* dB of variables denoting subterms *)
    genv    : subterm_spec Lazy.t list;
  }

let make_renv env recarg tree =
  { env = env;
    rel_min = recarg+2; (* recarg = 0 ==> Rel 1 -> recarg; Rel 2 -> fix *)
    genv = [Lazy.from_val(Subterm(Int.Set.empty, Large,tree))] }

let push_var renv (x,ty,spec) =
  { env = push_rel (LocalAssum (x,ty)) renv.env;
    rel_min = renv.rel_min+1;
    genv = spec:: renv.genv }

let push_let renv (x,c,ty,spec) =
  { env = push_rel (LocalDef (x,c,ty)) renv.env;
    rel_min = renv.rel_min+1;
    genv = spec:: renv.genv }

let assign_var_spec renv (i,spec) =
  { renv with genv = List.assign renv.genv (i-1) spec }

let push_var_renv renv n (x,ty) =
  let spec = Lazy.from_val (if n >= 1 then Internally_bound_subterm
(Int.Set.singleton n) else Not_subterm) in
  push_var renv (x,ty,spec)

(* Fetch recursive information about a variable p *)
let subterm_var p renv =
  try Lazy.force (List.nth renv.genv (p-1))
  with Failure _ | Invalid_argument _ -> (* outside context of the fixpoint *)
Not_subterm

let push_ctxt_renv renv ctxt =
  let n = Context.Rel.length ctxt in
  { env = push_rel_context ctxt renv.env;

    rel_min = renv.rel_min+n;
    genv = iterate (fun ge -> lazy Not_subterm::ge) n renv.genv }

let push_fix_renv renv (_,v,_ as recdef) =
  let n = Array.length v in
  { env = push_rec_types recdef renv.env;
    rel_min = renv.rel_min+n;
    genv = iterate (fun ge -> lazy Not_subterm::ge) n renv.genv }

type fix_check_result =
  | NeedReduce of env * fix_guard_error
  | NoNeedReduce

(* Definition and manipulation of the stack *)
type stack_element =
  (* arguments in the evaluation stack *)
  (* [constr] is typed in [guard_env] and [int] is the number of
     binders added in the current env on top of [guard_env.env] *)
  | SClosure of fix_check_result * guard_env * int * constr
  (* arguments applied to a "match": only their spec traverse the match *)
  | SArg of subterm_spec Lazy.t

let (|||) x y = match x with
  | NeedReduce _ -> x
  | NoNeedReduce -> y

let rec needreduce_of_stack = function
  | [] -> NoNeedReduce
  | SArg _ :: l -> needreduce_of_stack l
  | SClosure (needreduce,_,_,_) :: l -> needreduce ||| needreduce_of_stack l

let redex_level rs = List.length rs

let push_stack_closure renv needreduce c stack =
  (SClosure (needreduce, renv, 0, c)) :: stack

let push_stack_closures renv l stack =
  List.fold_right (push_stack_closure renv NoNeedReduce) l stack

let push_stack_args l stack =
  List.fold_right (fun spec stack -> SArg spec :: stack) l stack

let lift_stack k =
   List.map (function
       | SClosure (needreduce,s,n,c) -> SClosure (needreduce,s,n+k,c)
       | x -> x)

let lift1_stack = lift_stack 1

(******************************)
(* {6 Computing the recursive subterms of a term (propagation of size
   information through Cases).} *)

let lookup_subterms env ind =
  let (_,mip) = lookup_mind_specif env ind in
  mip.mind_recargs

let match_inductive ind ra =
  match ra with
    | Mrec (RecArgInd i) -> Ind.CanOrd.equal ind i
    | Norec | Mrec (RecArgPrim _) -> false

(* In {match c as z in ci y_s return P with | C_i x_s => t end}
   [branches_specif renv c_spec ci] returns an array of x_s specs knowing
   c_spec. *)
let branches_specif renv c_spec ci =
  let car = (** YJ: an array of ints, arities of constructors of C *)
    (* We fetch the regular tree associated to the inductive of the match.
       This is just to get the number of constructors (and constructor
       arities) that fit the match branches without forcing c_spec.
       Note that c_spec might be more precise than [v] below, because of
       nested inductive types. *)
    (* let (_,mip) = lookup_mind_specif renv.env ci.ci_ind in *)
    (* let v = dest_subterms mip.mind_recargs in *)
    let v = dest_subterms (lookup_subterms renv.env ci.ci_ind) in
      Array.map List.length v in
  (** YJ: for each constructor, generates a list of size=[nca]. *)
  (** YJ: if discriminant spec [c_spec] is the same inductive as  *)
  Array.mapi
      (fun i nca -> (* i+1-th cstructor has arity nca *)
         let lvra : spec Lazy.t = lazy
           (match Lazy.force c_spec with
                Subterm (_,_,t) when match_inductive ci.ci_ind (dest_recarg t)
->
                  let vra = Array.of_list (dest_subterms t).(i) in
                  assert (Int.equal nca (Array.length vra));
                  Array.map spec_of_tree vra
              | Dead_code -> Array.make nca Dead_code
              | Internally_bound_subterm _ as x -> Array.make nca x
              | Subterm _ | Not_subterm -> Array.make nca Not_subterm) in
         List.init nca (fun j -> lazy (Lazy.force lvra).(j)))
      car

(** YJ: checks if the codomain of predicate [p] is an inductive by wh-
unwrapping. *)
let check_inductive_codomain ?evars env p =
  let absctx, ar = whd_decompose_lambda_decls ?evars env p in
  let env = push_rel_context absctx env in
  let arctx, s = whd_decompose_prod_decls ?evars env ar in
  let env = push_rel_context arctx env in
  let i,_l' = decompose_app (whd_all ?evars env s) in
  isInd i

(** YJ: I guess [ienv] means inductive environment, and this is code to euild
wf_paths. *)
(* The following functions are almost duplicated from indtypes.ml, except
that they carry here a poorer environment (containing less information). *)
let ienv_push_var (env, lra) (x,a,ra) =
  (push_rel (LocalAssum (x,a)) env, (Norec,ra)::lra)

let ienv_push_inductive ?evars (env, ra_env) ((mind,u),lpar) =
  let mib = Environ.lookup_mind mind env in
  let ntypes = mib.mind_ntypes in
  let push_ind mip env =
    let r = relevance_of_ind_body mip u in
    let anon = Context.make_annot Anonymous r in
    let decl = LocalAssum (anon, hnf_prod_applist ?evars env (type_of_inductive
((mib,mip),u)) lpar) in
    push_rel decl env
  in
  let env = Array.fold_right push_ind mib.mind_packets env in
  let rc = Array.mapi (fun j t -> Mrec (RecArgInd (mind,j)),t)
(Rtree.mk_rec_calls ntypes) in
  let lra_ind = Array.rev_to_list rc in
  let ra_env = List.map (fun (r,t) -> (r,Rtree.lift ntypes t)) ra_env in
  (env, lra_ind @ ra_env)

let rec ienv_decompose_prod ?evars (env,_ as ienv) n c =
 if Int.equal n 0 then (ienv,c) else
   let c' = whd_all ?evars env c in

   match kind c' with
   Prod(na,a,b) ->
     let ienv' = ienv_push_var ienv (na,a,mk_norec) in
     ienv_decompose_prod ?evars ienv' (n-1) b
     | _ -> assert false

(* This removes global parameters of the inductive types in lc (for
   nested inductive types only ) *)
let dummy_univ = Level.(make (UGlobal.make (DirPath.make [Id.of_string
"implicit"]) "" 0))
let dummy_implicit_sort = mkType (Universe.make dummy_univ)
let lambda_implicit n a =
  let anon = Context.make_annot Anonymous Sorts.Relevant in
  let lambda_implicit a = mkLambda (anon, dummy_implicit_sort, a) in
  iterate lambda_implicit n a

let abstract_mind_lc ntyps npars mind lc =
  let lc = Array.map (fun (ctx, c) -> Term.it_mkProd_or_LetIn c ctx) lc in
  let rec replace_ind k c =
    let hd, args = decompose_app_list c in
    match kind hd with
    | Ind ((mind',i),_) when MutInd.CanOrd.equal mind mind' ->
      let rec drop_params n = function
        | _ :: args when n > 0 -> drop_params (n-1) args
        | args -> lambda_implicit n (Term.applist (mkRel (ntyps+n+k-i),
List.Smart.map (replace_ind (n+k)) args))
      in
      drop_params npars args
    | _ -> map_with_binders succ replace_ind k c
  in
  Array.map (replace_ind 0) lc

let is_primitive_positive_container env c =
  match env.retroknowledge.Retroknowledge.retro_array with
  | Some c' when QConstant.equal env c c' -> true
  | _ -> false

(* [get_recargs_approx env tree ind args] builds an approximation of the
recargs
tree for ind, knowing args. The argument tree is used to know when candidate
nested types should be traversed, pruning the tree otherwise. This code is very
close to check_positive in indtypes.ml, but does no positivity check and does
not
compute the number of recursive arguments. *)
let get_recargs_approx ?evars env tree ind args =
  let rec build_recargs (env, ra_env as ienv) tree c =
    let x,largs = decompose_app_list (whd_all ?evars env c) in
    match kind x with
    | Prod (na,b,d) ->
       assert (List.is_empty largs);
       build_recargs (ienv_push_var ienv (na, b, mk_norec)) tree d
    | Rel k ->
       (* Free variables are allowed and assigned Norec *)
       (try snd (List.nth ra_env (k-1))
        with Failure _ | Invalid_argument _ -> mk_norec)
    | Ind ind_kn ->
       (* When the inferred tree allows it, we consider that we have a
potential
       nested inductive type *)
       begin match dest_recarg tree with
             | Mrec (RecArgInd ind') when QInd.equal env (fst ind_kn) ind' ->
               build_recargs_nested ienv tree (ind_kn, largs)
             | Norec | Mrec _ -> mk_norec
       end
    | Const (c,_) when is_primitive_positive_container env c ->
       begin match dest_recarg tree with
             | Mrec (RecArgPrim c') when QConstant.equal env c c' ->
               build_recargs_nested_primitive ienv tree (c, largs)
             | Norec | Mrec _ -> mk_norec
       end
    | _err ->
       mk_norec

  and build_recargs_nested (env,_ra_env as ienv) tree (((mind,i),u), largs) =
    (* If the inferred tree already disallows recursion, no need to go further
*)
    if eq_wf_paths tree mk_norec then tree
    else
    let mib = Environ.lookup_mind mind env in
    let auxnpar = mib.mind_nparams_rec in
    let nonrecpar = mib.mind_nparams - auxnpar in
    let (lpar,_) = List.chop auxnpar largs in
    let auxntyp = mib.mind_ntypes in
    (* Extends the environment with a variable corresponding to
             the inductive def *)
    let (env',_ as ienv') = ienv_push_inductive ?evars ienv ((mind,u),lpar) in
    (* Parameters expressed in env' *)
    let lpar' = List.map (lift auxntyp) lpar in
    (* In case of mutual inductive types, we use the recargs tree which was
    computed statically. This is fine because nested inductive types with
    mutually recursive containers are not supported. *)
    let trees =
      if Int.equal auxntyp 1 then [|dest_subterms tree|]
      else Array.map (fun mip -> dest_subterms mip.mind_recargs)
mib.mind_packets
    in
    let mk_irecargs j mip =
      (* The nested inductive type with parameters removed *)
      let auxlcvect = abstract_mind_lc auxntyp auxnpar mind mip.mind_nf_lc in
      let paths = Array.mapi
        (fun k c ->
         let c' = hnf_prod_applist ?evars env' c lpar' in
         (* skip non-recursive parameters *)
         let (ienv',c') = ienv_decompose_prod ?evars ienv' nonrecpar c' in
         build_recargs_constructors ienv' trees.(j).(k) c')
        auxlcvect
      in
      mk_paths (Mrec (RecArgInd (mind,j))) paths
    in
    let irecargs = Array.mapi mk_irecargs mib.mind_packets in
    (Rtree.mk_rec irecargs).(i)

  and build_recargs_nested_primitive (env, ra_env) tree (c, largs) =
    if eq_wf_paths tree mk_norec then tree
    else
    let ntypes = 1 in (* Primitive types are modelled by non-mutual inductive
types *)
    let ra_env = List.map (fun (r,t) -> (r,Rtree.lift ntypes t)) ra_env in
    let ienv = (env, ra_env) in
    let paths = List.map2 (build_recargs ienv) (dest_subterms tree).(0) largs
in
    let recargs = [| mk_paths (Mrec (RecArgPrim c)) [| paths |] |] in
    (Rtree.mk_rec recargs).(0)

  and build_recargs_constructors ienv trees c =
    let rec recargs_constr_rec (env,_ra_env as ienv) trees lrec c =
      let x,largs = decompose_app_list (whd_all ?evars env c) in
        match kind x with

          | Prod (na,b,d) ->

             let () = assert (List.is_empty largs) in
             let recarg = build_recargs ienv (List.hd trees) b in
             let ienv' = ienv_push_var ienv (na,b,mk_norec) in
             recargs_constr_rec ienv' (List.tl trees) (recarg::lrec) d
          | _hd ->
             List.rev lrec
    in
    recargs_constr_rec ienv trees [] c
  in
  (* starting with ra_env = [] seems safe because any unbounded Rel will be
  assigned Norec *)
  build_recargs_nested (env,[]) tree (ind, args)

(* [restrict_spec env spec p] restricts the size information in spec to what is
   allowed to flow through a match with predicate p in environment env. *)
(** TODO YJ: what is this predicate thing about? check the usage to find out.
*)
(** YJ: if spec is [Not_subterm] etc then no restriction to it. Otherwise,
    unwrap [p] as much as possible - forall, lambda. if the head of application
    of [p] is an inductive, then return the intersection of spec with spec of
    [unwrapped p]. *)
(** NOTE YJ: this is to fix propext after beta-iota cuts. Lennard's code has
    more info about the cuts and some comments about the logic, but it is
    basically translating code to english. The top of his document says he does
    not understand why the restriction either. Maxime Denes who implemented the
    first version of this could perhaps give an explanation.*)
let restrict_spec ?evars env spec p =
  match spec with
  | Not_subterm | Internally_bound_subterm _ -> spec
  | _ ->
  let absctx, ar = whd_decompose_lambda_decls ?evars env p in
  (* Optimization: if the predicate is not dependent, no restriction is needed
     and we avoid building the recargs tree. *)
  if noccur_with_meta 1 (Context.Rel.length absctx) ar then spec
  else
  let env = push_rel_context absctx env in
  let arctx, s = whd_decompose_prod_decls ?evars env ar in
  let env = push_rel_context arctx env in
  let i,args = decompose_app_list (whd_all ?evars env s) in
  match kind i with
  | Ind i ->
     begin match spec with
           | Dead_code -> spec
           | Subterm(l,st,tree) ->
              let recargs = get_recargs_approx ?evars env tree i args in
              let recargs = inter_wf_paths tree recargs in
              Subterm(l,st,recargs)
           | _ -> assert false
     end
  | _ -> Not_subterm

(* [subterm_specif renv t] computes the recursive structure of [t] and
   compare its size with the size of the initial recursive argument of
   the fixpoint we are checking. [renv] collects such information
   about variables.
*)

let rec subterm_specif ?evars renv stack t =
  (* maybe reduction is not always necessary! *)
  let f,l = decompose_app_list (whd_all ?evars renv.env t) in
    match kind f with
    | Rel k -> subterm_var k renv
    | Case (ci, u, pms, p, iv, c, lbr) -> (* iv ignored: it's just a cache *)
      let (ci, (p,_), _iv, c, lbr) = expand_case renv.env (ci, u, pms, p, iv,
c, lbr) in
       let stack' = push_stack_closures renv l stack in
       let cases_spec =
         branches_specif renv (lazy_subterm_specif ?evars renv [] c) ci
       in
       let stl =
         Array.mapi (fun i br' ->
                     let stack_br = push_stack_args (cases_spec.(i)) stack' in
                     subterm_specif ?evars renv stack_br br')
                    lbr in
       let spec = subterm_spec_glb stl in
       restrict_spec ?evars renv.env spec p

    | Fix ((recindxs,i),(_,typarray,bodies as recdef)) ->
      (* when proving that the fixpoint f(x)=e is less than n, it is enough
         to prove that e is less than n assuming f is less than n
         furthermore when f is applied to a term which is strictly less than
         n, one may assume that x itself is strictly less than n
      *)
    if not (check_inductive_codomain ?evars renv.env typarray.(i)) then
Not_subterm
    else
      let (ctxt,clfix) = whd_decompose_prod ?evars renv.env typarray.(i) in
      let oind =
        let env' = push_rel_context ctxt renv.env in
          try Some(fst (find_inductive ?evars env' clfix))
          with Not_found -> None in
      (match oind with
        | None -> Not_subterm (* happens if fix is polymorphic *)
        | Some (ind, _) ->
          let nbfix = Array.length typarray in
          let recargs = lookup_subterms renv.env ind in
                    (* pushing the fixpoints *)
          let renv' = push_fix_renv renv recdef in
          let renv' =
                      (* Why Strict here ? To be general, it could also be
                          Large... *)
            assign_var_spec renv'
            (nbfix-i, lazy (Subterm(Int.Set.empty,Strict,recargs))) in
          let decrArg = recindxs.(i) in
          let theBody = bodies.(i)   in
          let nbOfAbst = decrArg+1 in
          let sign,strippedBody = whd_decompose_lambda_n_assum ?evars renv.env
nbOfAbst theBody in
                    (* pushing the fix parameters *)
          let stack' = push_stack_closures renv l stack in
          let renv'' = push_ctxt_renv renv' sign in
          let renv'' =
            if List.length stack' < nbOfAbst then renv''
            else
              let decrArg = List.nth stack' decrArg in
              let arg_spec = stack_element_specif ?evars decrArg in
                assign_var_spec renv'' (1, arg_spec)
          in
          subterm_specif ?evars renv'' [] strippedBody)

    | Lambda (x,a,b) ->
      let () = assert (List.is_empty l) in
      let spec,stack' = extract_stack ?evars stack in
        subterm_specif ?evars (push_var renv (x,a,spec)) stack' b

      (* Metas and evars are considered OK *)
    | (Meta _|Evar _) -> Dead_code

    | Proj (p, _, c) ->
      let subt = subterm_specif ?evars renv stack c in

      (match subt with
       | Subterm (_, _s, wf) ->
         (* We take the subterm specs of the constructor of the record *)
         let wf_args = (dest_subterms wf).(0) in
         (* We extract the tree of the projected argument *)
         let n = Projection.arg p in
         spec_of_tree (List.nth wf_args n)
       | Dead_code -> Dead_code
       | Not_subterm -> Not_subterm
       | Internally_bound_subterm n -> Internally_bound_subterm n)

    | Const c ->
      begin try
        let _ = Environ.constant_value_in renv.env c in Not_subterm
      with
        | NotEvaluableConst (IsPrimitive (_u,op)) when List.length l >=
CPrimitives.arity op ->
          primitive_specif ?evars renv op l
        | NotEvaluableConst _ -> Not_subterm
      end

    | Var _ | Sort _ | Cast _ | Prod _ | LetIn _ | App _ | Ind _
      | Construct _ | CoFix _ | Int _ | Float _ | Array _ -> Not_subterm

      (* Other terms are not subterms *)

and lazy_subterm_specif ?evars renv stack t =
  lazy (subterm_specif ?evars renv stack t)

and stack_element_specif ?evars = function
  | SClosure (_, h_renv, _, h) -> lazy_subterm_specif ?evars h_renv [] h
  | SArg x -> x

and extract_stack ?evars = function
   | [] -> Lazy.from_val Not_subterm, []
   | elt :: l -> stack_element_specif ?evars elt, l

and primitive_specif ?evars renv op args =
  let open CPrimitives in
  match op with
  | Arrayget | Arraydefault ->
    (* t.[i] and default t can be seen as strict subterms of t, with a
       potentially nested rectree. *)
    let arg = List.nth args 1 in (* the result is a strict subterm of the
second argument *)
    let subt = subterm_specif ?evars renv [] arg in
    begin match subt with
    | Subterm (_, _s, wf) ->
      let wf_args = (dest_subterms wf).(0) in
      spec_of_tree (List.nth wf_args 0) (* first and only parameter of `array`
*)
    | Dead_code -> Dead_code
    | Not_subterm -> Not_subterm
    | Internally_bound_subterm n -> Internally_bound_subterm n
    end
  | _ -> Not_subterm

let set_iota_specif nr spec =
  lazy (match Lazy.force spec with
        | Not_subterm -> if nr >= 1 then Internally_bound_subterm
(Int.Set.singleton nr) else Not_subterm
        | spec -> spec)

(************************************************************************)

exception FixGuardError of env * fix_guard_error

let illegal_rec_call renv fx = function
  | SClosure (_,arg_renv,_,arg) ->
    let le_lt_vars =
    lazy (let (_,le_vars,lt_vars) =
      List.fold_left
        (fun (i,le,lt) sbt ->
          match Lazy.force sbt with
              (Subterm(_,Strict,_) | Dead_code) -> (i+1, le, i::lt)
            | (Subterm(_,Large,_)) -> (i+1, i::le, lt)
            | _ -> (i+1, le ,lt))
        (1,[],[]) renv.genv in
          (le_vars,lt_vars)) in
    RecursionOnIllegalTerm(fx,(arg_renv.env, arg),le_lt_vars)
  | SArg _ ->
    (* Typically the case of a recursive call encapsulated under a
       rewriting before been applied to the parameter of a constructor *)
    NotEnoughArgumentsForFixCall fx

let set_need_reduce_one env nr err rs =
  let mr = List.length rs in
  let rs1, rs2 = List.chop (mr-nr) rs in
  let _, rs2 = List.sep_first rs2 in
  rs1 @ NeedReduce (env, err) :: rs2

let set_need_reduce env l err rs =
  Int.Set.fold (fun n -> set_need_reduce_one env n err) l rs

let set_need_reduce_top env err rs =
  set_need_reduce_one env (List.length rs) err rs

type check_subterm_result =
  | InvalidSubterm
  | NeedReduceSubterm of Int.Set.t (* empty = NoNeedReduce *)

(* Check term c can be applied to one of the mutual fixpoints. *)
let check_is_subterm x tree =
  match Lazy.force x with
  | Subterm (need_reduce,Strict,tree') ->
    if incl_wf_paths tree tree' then NeedReduceSubterm need_reduce
    else InvalidSubterm
  | Dead_code -> NeedReduceSubterm Int.Set.empty
  | Not_subterm | Subterm (_,Large,_) -> InvalidSubterm
  | Internally_bound_subterm l -> NeedReduceSubterm l

(** HIGH LEVEL: [stack] is a stack of arguments to a term? [p].
      this function "filters" (actually maps) [stack] by refining the
[SClosure]s in the stack into [SArgs].
      The way is as follows: *)
(* [p] = [\absctx. ar] =whd [\absctx. t] =prod [\absctx. \n:a. c0] =whd(a)
[\absctx.\n:(ty args). c0] =ty_ind [\absctx.\n:(ind args). c0]*)
(** YJ: [p] hints to a predicate, so it is a type? *)
let filter_stack_domain ?evars env nr p stack =
  (** YJ: [absctx] list of [var, type], and [ar] the body of the lambda. *)
  let absctx, ar = Term.decompose_lambda_decls p in
  (* Optimization: if the predicate is not dependent, no restriction is needed
     and we avoid building the recargs tree. *)
  if noccur_with_meta 1 (Context.Rel.length absctx) ar then stack
  else let env = push_rel_context absctx env in
  (** YJ: check body [ar] with variables pushed into env. *)
  let rec filter_stack env ar stack =
    match stack with
    | [] -> []

    | elt :: stack' ->
      (** YJ: run below until stack is empty. First whn [ar] into [t], *)
      let t = whd_all ?evars env ar in
      match kind t with
      (** YJ: There are only 2 cases for the type of [p] here: Prod or anything
else.
          We only care if type of [p] is a Prod. Otherwise we map the stack
into SArgs. *)
      | Prod (n,a,c0) ->
        (** YJ: open the binder [ctx : a] into ctx *)
        let d = LocalAssum (n,a) in
        let ctx, a = whd_decompose_prod_decls ?evars env a in
        let env = push_rel_context ctx env in
        (** YJ: whd [a], which should have form of an application [ty args]. *)
        let ty, args = decompose_app_list (whd_all ?evars env a) in
        let elt = match kind ty with

          (** YJ: if the binder type [a] is some inductive applied with [args],
then it could be a subterm. *)
          (** YJ: If the spec of [elt] is subterm, intersect and return
subterm. otherwise return spec. *)
          | Ind ind ->
            let spec = stack_element_specif ?evars elt in
            let sarg = lazy (match Lazy.force spec with
              | Not_subterm | Dead_code | Internally_bound_subterm _ as spec ->
spec
              | Subterm(l,s,path) ->
                (** YJ: Question: in the final intersection, the contribution
of [p] boils down to [args] only. *)
                (** YJ: Find oud how get_recargs_approx uses args (which does
not really make sense). *)
                  let recargs = get_recargs_approx ?evars env path ind args in
                  let path = inter_wf_paths path recargs in
                  Subterm(l,s,path))
            in
            SArg sarg
          | _ -> SArg (set_iota_specif nr (lazy Not_subterm))
        in
        elt :: filter_stack (push_rel d env) c0 stack'
      (** YJ: if the stack element is not an inductive, it must not be a
subterm. *)
      | _ -> List.fold_right (fun _ l -> SArg (set_iota_specif nr (lazy
Not_subterm)) :: l) stack []
  in
  filter_stack env ar stack

let find_uniform_parameters recindx nargs bodies =
  let nbodies = Array.length bodies in
  let min_indx = Array.fold_left min nargs recindx in
  (* We work only on the i-th body but are in the context of n bodies *)
  let rec aux i k nuniformparams c =
    let f, l = decompose_app_list c in
    match kind f with
    | Rel n ->
      (* A recursive reference to the i-th body *)
      if Int.equal n (nbodies + k - i) then
        List.fold_left_i (fun j nuniformparams a ->
            match kind a with
            | Rel m when Int.equal m (k - j) ->
              (* a reference to the j-th parameter *)
              nuniformparams
            | _ ->
              (* not a parameter: this puts a bound on the size of an
extrudable prefix of uniform arguments *)
              min j nuniformparams) 0 nuniformparams l
      else
        nuniformparams
    | _ -> fold_constr_with_binders succ (aux i) k nuniformparams c
  in
  Array.fold_left_i (fun i -> aux i 0) min_indx bodies

(** Given a fixpoint [fix f x y z n := phi(f x y u t, ..., f x y u' t')]
structural recursive on [n],
    with [z] not uniform we build in context [x:A, y:B(x), z:C(x,y)] a term
    [fix f z n := phi(f u t, ..., f u' t')], say [psi], of some type
    [forall (z:C(x,y)) (n:I(x,y,z)), T(x,y,z,n)], so that
    [fun x y z => psi z] is of same type as the original term *)

let drop_uniform_parameters nuniformparams bodies =
  let nbodies = Array.length bodies in
  let rec aux i k c =
    let f, l = decompose_app_list c in
    match kind f with
    | Rel n ->
      (* A recursive reference to the i-th body *)
      if Int.equal n (nbodies + k - i) then
        let new_args = List.skipn_at_best nuniformparams l in
        Term.applist (f, new_args)
      else
        c
    | _ -> map_with_binders succ (aux i) k c
  in
  Array.mapi (fun i -> aux i 0) bodies

let filter_fix_stack_domain nr decrarg stack nuniformparams =
  let rec aux i nuniformparams stack =
    match stack with
    | [] -> []
    | a :: stack ->
      let uniform, nuniformparams = if nuniformparams = 0 then false, 0 else
true, nuniformparams -1 in
      let a =
        if uniform || Int.equal i decrarg then a
        else
          (* deactivate the status of non-uniform parameters since we
             cannot guarantee that they are preserve in the recursive
             calls *)
          SArg (set_iota_specif nr (lazy Not_subterm)) in
      a :: aux (i+1) nuniformparams stack
  in aux 0 nuniformparams stack

let pop_argument ?evars needreduce renv elt stack x a b =
  match needreduce, elt with
  | NoNeedReduce, SClosure (NoNeedReduce, _, n, c) ->
    (* Neither function nor args have rec calls on internally bound variables
*)
    let spec = stack_element_specif ?evars elt in
    (* Thus, args do not a priori require to be rechecked, so we push a let *)
    (* maybe the body of the let will have to be locally expanded though, see
Rel case *)
    push_let renv (x,lift n c,a,spec), lift1_stack stack, b
  | _, SClosure (_, _, n, c) ->
    (* Either function or args have rec call on internally bound variables *)
    renv, stack, subst1 (lift n c) b
  | _, SArg spec ->
    (* Going down a case branch *)
    push_var renv (x,a,spec), lift1_stack stack, b

let judgment_of_fixpoint (_, types, bodies) =
  Array.map2 (fun typ body -> { uj_val = body ; uj_type = typ }) types bodies

(* Check if [def] is a guarded fixpoint body with decreasing arg.
   given [recpos], the decreasing arguments of each mutually defined
   fixpoint. *)
let check_one_fix ?evars renv recpos trees def =
  let nfi = Array.length recpos in

  (* Checks if [t] only make valid recursive calls
     [stack] is the list of constructor's argument specification and
     arguments that will be applied after reduction.
     example u in t where we have (match .. with |.. => t end) u;
     [rs] is the stack of redexes traversed w/o having been triggered *)
  let rec check_rec_call_stack renv stack rs t =
      match kind t with
        | App (f,args) ->
            begin
              let rs, stack =
                Array.fold_right (fun a (rs,stack) ->
                    let needreduce,rs = check_rec_call renv rs a in
                    let stack = push_stack_closure renv needreduce a stack in
                    (rs,stack)) args (rs,stack)
              in
              check_rec_call_stack renv stack rs f
            end

        | Rel p ->
            begin
              (* Test if [p] is a fixpoint (recursive call) *)
              if renv.rel_min <= p && p < renv.rel_min+nfi then
                (* the position of the invoked fixpoint: *)
                let glob = renv.rel_min+nfi-1-p in
                (* the decreasing arg of the rec call: *)
                let np = recpos.(glob) in
                if List.length stack <= np then
                  set_need_reduce_top renv.env (NotEnoughArgumentsForFixCall
glob) rs
                else
                  (* Retrieve the expected tree for the argument *)
                  (* Check the decreasing arg is smaller *)
                  let z = List.nth stack np in
                  match check_is_subterm (stack_element_specif ?evars z) trees.
(glob) with
                  | NeedReduceSubterm l -> set_need_reduce renv.env l
(illegal_rec_call renv glob z) rs
                  | InvalidSubterm -> raise (FixGuardError (renv.env,
illegal_rec_call renv glob z))
              else
                check_rec_call_state renv NoNeedReduce stack rs (fun () ->
                    match lookup_rel p renv.env with
                    | LocalAssum _ -> None
                    | LocalDef (_,c,_) -> Some (lift p c, []))
            end

        | Case (ci, u, pms, ret, iv, c_0, br) -> (* iv ignored: it's just a
cache *)
            let (ci, (p,_), _iv, c_0, brs) = expand_case renv.env (ci, u, pms,
ret, iv, c_0, br) in
            let needreduce_c_0, rs = check_rec_call renv rs c_0 in
            let rs = check_inert_subterm_rec_call renv rs p in
            (* compute the recarg info for the arguments of each branch *)
            let rs' = NoNeedReduce::rs in
            let nr = redex_level rs' in
            let case_spec =
              branches_specif renv (set_iota_specif nr (lazy_subterm_specif ?
evars renv [] c_0)) ci in
            let stack' = filter_stack_domain ?evars renv.env nr p stack in
            let rs' =
              Array.fold_left_i (fun k rs' br' ->
                  let stack_br = push_stack_args case_spec.(k) stack' in
                  check_rec_call_stack renv stack_br rs' br') rs' brs in
            let needreduce_br, rs = List.sep_first rs' in
            check_rec_call_state renv (needreduce_br ||| needreduce_c_0) stack
rs (fun () ->
              (* we try hard to reduce the match away by looking for a
                 constructor in c_0 (we unfold definitions too) *)
              let c_0 = whd_all ?evars renv.env c_0 in
              let hd, args = decompose_app_list c_0 in
              let hd, args = match kind hd with
              | CoFix cofix ->
                  decompose_app_list (whd_all ?evars renv.env (Term.applist
(contract_cofix cofix, args)))
              | _ -> hd, args in
              match kind hd with
              | Construct cstr -> Some (apply_branch cstr args ci brs, [])
              | CoFix _ | Ind _ | Lambda _ | Prod _ | LetIn _
              | Sort _ | Int _ | Float _ | Array _ -> assert false
              | Rel _ | Var _ | Const _ | App _ | Case _ | Fix _
              | Proj _ | Cast _ | Meta _ | Evar _ -> None)

        (* Enables to traverse Fixpoint definitions in a more intelligent
           way, ie, the rule :
           if - g = fix g (y1:T1)...(yp:Tp) {struct yp} := e &
              - f is guarded with respect to the set of pattern variables S
                in a1 ... am        &
              - f is guarded with respect to the set of pattern variables S
                in T1 ... Tp        &
              - ap is a sub-term of the formal argument of f &
              - f is guarded with respect to the set of pattern variables
                S+{yp} in e
           then f is guarded with respect to S in (g a1 ... am).
           Eduardo 7/9/98 *)
        | Fix ((recindxs,i),(_,typarray,bodies as recdef) as fix) ->
            let decrArg = recindxs.(i) in
            let nbodies = Array.length bodies in
            let rs' = Array.fold_left (check_inert_subterm_rec_call renv)
(NoNeedReduce::rs) typarray in
            let renv' = push_fix_renv renv recdef in
            let nuniformparams = find_uniform_parameters recindxs (List.length
stack) bodies in
            let bodies = drop_uniform_parameters nuniformparams bodies in
            let fix_stack = filter_fix_stack_domain (redex_level rs) decrArg
stack nuniformparams in
            let fix_stack = if List.length stack > decrArg then List.firstn
(decrArg+1) fix_stack else fix_stack in
            let stack_this = lift_stack nbodies fix_stack in
            let stack_others = lift_stack nbodies (List.firstn nuniformparams
fix_stack) in
            (* Check guard in the expanded fix *)
            let illformed () =
              error_ill_formed_rec_body renv.env (Type_errors.FixGuardError
NotEnoughAbstractionInFixBody)
                (pi1 recdef) i (push_rec_types recdef renv.env)
                (judgment_of_fixpoint recdef) in
            let rs' = Array.fold_left2_i (fun j rs' recindx body ->
                let fix_stack = if Int.equal i j then stack_this else
stack_others in
                check_nested_fix_body illformed renv' (recindx+1) fix_stack rs'
body) rs' recindxs bodies in
            let needreduce_fix, rs = List.sep_first rs' in
            let non_absorbed_stack = List.skipn nuniformparams stack in

            check_rec_call_state renv needreduce_fix non_absorbed_stack rs (fun
() ->
              (* we try hard to reduce the fix away by looking for a
                 constructor in [decrArg] (we unfold definitions too) *)
              if List.length stack <= decrArg then None else
              match List.nth stack decrArg with
              | SArg _ -> (* A match on the way *) None
              | SClosure (_,_,n,recArg) ->
              let c = whd_all ?evars renv.env (lift n recArg) in
              let hd, _ = decompose_app_list c in
              match kind hd with
              | Construct _ -> Some (contract_fix fix, stack)
              | CoFix _ | Ind _ | Lambda _ | Prod _ | LetIn _
              | Sort _ | Int _ | Float _ | Array _ -> assert false
              | Rel _ | Var _ | Const _ | App _ | Case _ | Fix _
              | Proj _ | Cast _ | Meta _ | Evar _ -> None)

        | Const (kn,_u as cu) ->
            check_rec_call_state renv NoNeedReduce stack rs (fun () ->
                if evaluable_constant kn renv.env then Some (constant_value_in
renv.env cu, [])
                else None)

        | Lambda (x,a,b) ->
            begin
              let needreduce, rs = check_rec_call renv rs a in
              match stack with
              | elt :: stack ->
                let renv, stack, b = pop_argument ?evars needreduce renv elt
stack x a b in
                check_rec_call_stack renv stack rs b
              | [] ->
                check_rec_call_stack (push_var_renv renv (redex_level rs)
(x,a)) [] rs b
            end

        | Prod (x,a,u) ->
            (* Note: we cannot ensure that the stack is empty because
               non-accessible branches of "match" expressions can have
               arbitrary types (see #17073) *)
            let rs = check_inert_subterm_rec_call renv rs a in
            (* Note: can recursive calls on [x] be else than inert "dead code"?
*)
            check_rec_call_stack (push_var_renv renv (redex_level rs) (x,a)) []
rs u

        | CoFix (_i,(_,typarray,bodies as recdef)) ->
            let rs = Array.fold_left (check_inert_subterm_rec_call renv) rs
typarray in
            let renv' = push_fix_renv renv recdef in
            Array.fold_left (fun rs body ->
                let needreduce', rs = check_rec_call renv' rs body in
                check_rec_call_state renv needreduce' stack rs (fun _ -> None))
              rs bodies

        | Ind _ | Construct _ ->
            check_rec_call_state renv NoNeedReduce stack rs (fun () -> None)

        | Proj (p, _, c) ->
            begin
              let needreduce', rs = check_rec_call renv rs c in
              check_rec_call_state renv needreduce' stack rs (fun () ->
              (* we try hard to reduce the proj away by looking for a
                 constructor in c (we unfold definitions too) *)
              let c = whd_all ?evars renv.env c in
              let hd, args = decompose_app c in
              let hd, args = match kind hd with
              | CoFix cofix ->
                  decompose_app (whd_all ?evars renv.env (mkApp (contract_cofix
cofix, args)))
              | _ -> hd, args in
              match kind hd with
              | Construct _ -> Some (args.(Projection.npars p + Projection.arg
p), [])
              | CoFix _ | Ind _ | Lambda _ | Prod _ | LetIn _
              | Sort _ | Int _ | Float _ | Array _ -> assert false
              | Rel _ | Var _ | Const _ | App _ | Case _ | Fix _
              | Proj _ | Cast _ | Meta _ | Evar _ -> None)
            end

        | Var id ->
            check_rec_call_state renv NoNeedReduce stack rs (fun () ->
              let open! Context.Named.Declaration in
              match lookup_named id renv.env with
              | LocalAssum _ -> None
              | LocalDef (_,c,_) -> Some (c, []))

        | LetIn (x,c,t,b) ->
            let needreduce_c, rs = check_rec_call renv rs c in
            let needreduce_t, rs = check_rec_call renv rs t in
            begin
              match needreduce_of_stack stack ||| needreduce_c ||| needreduce_t
with
              | NoNeedReduce ->
                  (* Stack do not require to beta-reduce; let's look if the
body of the let needs *)
                  let spec = lazy_subterm_specif ?evars renv [] c in
                  let stack = lift1_stack stack in
                  check_rec_call_stack (push_let renv (x,c,t,spec)) stack rs b
              | NeedReduce _ -> check_rec_call_stack renv stack rs (subst1 c b)
            end

        | Cast (c,_,t) ->
            let rs = check_inert_subterm_rec_call renv rs t in
            let rs = check_rec_call_stack renv stack rs c in
            rs

        | Sort _ | Int _ | Float _ ->
            (* See [Prod]: we cannot ensure that the stack is empty *)
            rs

        | Array (_u,t,def,ty) ->
            (* See [Prod]: we cannot ensure that the stack is empty *)
            let rs = Array.fold_left (check_inert_subterm_rec_call renv) rs t
in
            let rs = check_inert_subterm_rec_call renv rs def in
            let rs = check_inert_subterm_rec_call renv rs ty in
            rs

        (* l is not checked because it is considered as the meta's context *)
        | (Evar _ | Meta _) ->
            rs

  and check_nested_fix_body illformed renv decr stack rs body =
    if Int.equal decr 0 then
      check_inert_subterm_rec_call renv rs body
    else
      match kind (whd_all ?evars renv.env body) with
        | Lambda (x,a,body) ->
          begin

            match stack with
            | elt :: stack ->
              let rs = check_inert_subterm_rec_call renv rs a in
              let renv', stack', body' = pop_argument NoNeedReduce renv elt
stack x a body in
              check_nested_fix_body illformed renv' (decr-1) stack' rs body'
            | [] ->
              let renv' = push_var_renv renv (redex_level rs) (x,a) in
              check_nested_fix_body illformed renv' (decr-1) [] rs body
          end
        | _ -> illformed ()

  and check_rec_call_state renv needreduce_of_head stack rs expand_head =
    (* Test if either the head or the stack of a state
       needs the state to be reduced before continuing checking *)
    match needreduce_of_head ||| needreduce_of_stack stack with
    | NoNeedReduce -> rs
    | NeedReduce _ as e ->
        (* Expand if possible, otherwise, last chance, propagate need
           for expansion, in the hope to be eventually erased *)
        match expand_head () with
        | None -> e :: List.tl rs
        | Some (c, stack') -> check_rec_call_stack renv (stack'@stack) rs c

  and check_inert_subterm_rec_call renv rs c =
    (* Check rec calls of a term which does not interact with its
       immediate context and which can be possibly erased at higher
       level of the redex stack *)
    let need_reduce, rs = check_rec_call renv rs c in
    check_rec_call_state renv need_reduce [] rs (fun () -> None)

  and check_rec_call renv rs c =
    (* either fails if a non guarded call occurs or tells if there is
       rec call on a variable bound at the top of [c] and update the
       need for reduction in the redex stack with rec calls on
       variables bound at higher levels of the redex stack *)
    List.sep_first (check_rec_call_stack renv [] (NoNeedReduce::rs) c)

  in
  let need_reduce, rs = check_rec_call renv [] def in
  assert (List.is_empty rs);
  match need_reduce with
  | NeedReduce (env,err) -> raise (FixGuardError (env,err))
  | NoNeedReduce -> ()

let inductive_of_mutfix ?evars env ((nvect,bodynum),(names,types,bodies as
recdef)) =
  let nbfix = Array.length bodies in
  if Int.equal nbfix 0
    || not (Int.equal (Array.length nvect) nbfix)
    || not (Int.equal (Array.length types) nbfix)
    || not (Int.equal (Array.length names) nbfix)
    || bodynum < 0
    || bodynum >= nbfix
  then anomaly (Pp.str "Ill-formed fix term.");
  let fixenv = push_rec_types recdef env in
  let vdefj = judgment_of_fixpoint recdef in
  let raise_err env i err =
    error_ill_formed_rec_body env (Type_errors.FixGuardError err) names i
fixenv vdefj in
  (* Check the i-th definition with recarg k *)
  let find_ind i k def =
    (* check fi does not appear in the k+1 first abstractions,
       gives the type of the k+1-eme abstraction (must be an inductive)  *)
    let rec check_occur env n def =
      match kind (whd_all ?evars env def) with
        | Lambda (x,a,b) ->
            if noccur_with_meta n nbfix a then
              let env' = push_rel (LocalAssum (x,a)) env in
              if Int.equal n (k + 1) then
                (* get the inductive type of the fixpoint *)
                let (mind, _) =
                  try find_inductive ?evars env a
                  with Not_found ->
                    raise_err env i (RecursionNotOnInductiveType a) in
                let mib,_ = lookup_mind_specif env (out_punivs mind) in
                if mib.mind_finite != Finite then
                  raise_err env i (RecursionNotOnInductiveType a);
                (mind, (env', b))
              else check_occur env' (n+1) b
            else anomaly ~label:"check_one_fix" (Pp.str "Bad occurrence of
recursive call.")
        | _ -> raise_err env i NotEnoughAbstractionInFixBody
    in
    let ((ind, u), _) as res = check_occur fixenv 1 def in
    let _, mip = lookup_mind_specif env ind in
    (* recursive sprop means non record with projections -> squashed *)
    let () =
      if Environ.is_type_in_type env (GlobRef.IndRef ind) then ()
      else match relevance_of_ind_body mip u with
        | Sorts.Irrelevant | Sorts.RelevanceVar _ as rind ->
          if not (Sorts.relevance_equal names.(i).Context.binder_relevance
rind)
          then raise_err env i FixpointOnIrrelevantInductive
        | Sorts.Relevant -> ()
    in
    res
  in
  (* Do it on every fixpoint *)
  let rv = Array.map2_i find_ind nvect bodies in
  (Array.map fst rv, Array.map snd rv)

let check_fix ?evars env ((nvect,_),(names,_,bodies as recdef) as fix) =
  let (minds, rdef) = inductive_of_mutfix ?evars env fix in
  let flags = Environ.typing_flags env in
  if flags.check_guarded then
    let get_tree (kn,i) =
      let mib = Environ.lookup_mind kn env in
      mib.mind_packets.(i).mind_recargs
    in
    let trees = Array.map (fun (mind,_) -> get_tree mind) minds in
    for i = 0 to Array.length bodies - 1 do
      let (fenv,body) = rdef.(i) in
      let renv = make_renv fenv nvect.(i) trees.(i) in
      try check_one_fix ?evars renv nvect trees body
      with FixGuardError (fixenv,err) ->
        error_ill_formed_rec_body fixenv (Type_errors.FixGuardError err) names
i
          (push_rec_types recdef env) (judgment_of_fixpoint recdef)
    done
  else
    ()
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The Guard Checker of Coq

• About 1,000 lines of unspecified, unexplained OCaml code

• Iterated by different authors over 30 years

• Multiple dimensions of complexity
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Consistency Proofs

Consistency: there is no term of Empty type in the empty context.

Ingredients for consistency
1. (Weak) Normalisation: every term has a normal form.
2. Subject Reduction: reduction preserves typing.
3. Canonicity: for inductive types, normal forms begin with a constructor in the

empty context.

Proof: In the empty context, any term of the Empty type must have a normal form
(1) of the same type (2). Since the context is empty, it must begin with a constructor
(3), but the Empty type has none.
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Contribution

Two main contributions of this project:

Implementation
A full implementation of Coq’s Guard Checker in Coq, using the MetaCoq project.

Extending previous work by Lennard Gäher [2].

Documentation
In the report: examples (Chapter 2, Appendix) and explanations (Chapter 3).

11



Implementation in Coq

MetaCoq project
• Formalises Coq’s type theory in Coq (faithful) [3]

• A verified implementation of type checker [4]

• A verified extraction function to OCaml [5]

Proved:
• Subject Reduction and Canonicity,
• parameterised by a guard checker
• assumed Normalisation

12



Implementation in Coq

Implementation of the Guard Checker

From MetaCoq.Guarded Require Import plugin.

(* define your fixpoint *)
Fixpoint add (m n : nat) : nat :=
  match m with
  | O => n
  | S m' => add m' (S n)
  end.                                      

MetaCoq Quote add_syntax := add.            
Check check_fix.                            
Compute (check_fix add_syntax).             
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Implementation in Coq

Implementation of the Guard Checker

From MetaCoq.Guarded Require Import plugin.

(* define your fixpoint *)
Fixpoint add (m n : nat) : nat :=
  match m with
  | O => n
  | S m' => add m' (S n)
  end.                                      

MetaCoq Quote add_syntax := add.            
Check check_fix.                            
Compute (check_fix add_syntax).             

add_syntax : Ast.term :=
  (Ast.tFix [{|
    dname := {| binder_name := nNamed "add" |};
    dtype := Ast.tProd {| binder_name := nNamed "m" |}
      (Ast.tInd {| inductive_mind := "nat" |} [])
      (...);
    dbody :=
      Ast.tLambda
        {| binder_name := nNamed "m" |}
        (Ast.tInd {| inductive_mind := "nat"; inductive_ind := 0 |} [])
        (Ast.tLambda
          {| binder_name := nNamed "n" |}
          (Ast.tInd {...} [])
          (Ast.tCase
              {| ci_ind := {| inductive_mind := "nat" |}; |}
              {| Ast.pcontext := [{| binder_name := nNamed "m"; |}];
                 Ast.preturn := Ast.tInd {| inductive_mind := "nat" |} []
              |}
              (Ast.tRel 1)
              [ {| Ast.bcontext := []; Ast.bbody := Ast.tRel 0 |};
                {| Ast.bcontext := [{| binder_name := nNamed "m'"; |}];
                   Ast.bbody :=
                     Ast.tApp (Ast.tRel 3)
                       [Ast.tRel 0;
                        Ast.tApp
                          (Ast.tConstruct {| inductive_mind := "nat"; inductive_ind := 0 |})
                          [Ast.tRel 1]]
                 |}]));
          rarg := 0 
      |}] 0)
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Implementation in Coq

Implementation of the Guard Checker

From MetaCoq.Guarded Require Import plugin.

(* define your fixpoint *)
Fixpoint add (m n : nat) : nat :=
  match m with
  | O => n
  | S m' => add m' (S n)
  end.                                      

MetaCoq Quote add_syntax := add.            
Check check_fix.                            
Compute (check_fix add_syntax).             

check_fix : Ast.term -> bool
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Implementation in Coq

Implementation of the Guard Checker

From MetaCoq.Guarded Require Import plugin.

(* define your fixpoint *)
Fixpoint add (m n : nat) : nat :=
  match m with
  | O => n
  | S m' => add m' (S n)
  end.                                      

MetaCoq Quote add_syntax := add.            
Check check_fix.                            
Compute (check_fix add_syntax).             

   = true : bool
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History of the Guard Checker



Phase 1: Beginnings

• Inductive + CoC = CIC (Frank Pfenning and Christine Paulin-Mohring, 1989) [1]

• Pattern Matching with Dependent Types (Thierry Coquand, 1992) [6]

• The first Guard Checker in Coq v5.10.2 (Christine Paulin-Mohring, 1994) [7]
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Phase 2: Specifications

• Inductive + CoC = CIC (Frank Pfenning and Christine Paulin-Mohring, 1989) [1]

• Pattern Matching with Dependent Types (Thierry Coquand, 1992) [6]

• The first Guard Checker in Coq v5.10.2 (Christine Paulin-Mohring, 1994) [7]

• Codifying Recursive Definition with Recursive Schemes (Eduardo Gimenez, 1994) [8]

• Inductive Definitions for Type Theory (Christine Paulin-Mohring, 1996) [9]

• Un Calcul de Constructions Infinies et son application à la vérification de systèmes
communicants (Eduardo Gimenez, 1996) [10]
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Phase 3: Big Changes

• Inductive + CoC = CIC (Frank Pfenning and Christine Paulin-Mohring, 1989) [1]

• Pattern Matching with Dependent Types (Thierry Coquand, 1992) [6]

• The first Guard Checker in Coq v5.10.2 (Christine Paulin-Mohring, 1994) [7]

• Codifying Recursive Definition with Recursive Schemes (Eduardo Gimenez, 1994) [8]

• Inductive Definitions for Type Theory (Christine Paulin-Mohring, 1996) [9]

• Un Calcul de Constructions Infinies et son application à la vérification de systèmes
communicants (Eduardo Gimenez, 1996) [10]

• 𝛽-𝜄 commutative cuts subterm rule (Pierre Boutillier, 2010) [11]

match v2 in with
| nil => (fun _ => nil C)
| cons h2 t2 => (fun t1' => cons (f h1 h2) (map2 f t1' t2))
end t1
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Two Weeks before Christmas, 2013

From: Daniel Schepler <dschepler AT gmail.com>
To: Coq Club <coq-club AT inria.fr>
Subject: [Coq-Club] bijective function implies equal types is provably inconsistent with functional extensionality in
Coq
Date: Thu, 12 Dec 2013 11:02:00 -0800

Section bijective_impl_eq.
Hypothesis functional_extensionality :
  forall (A B:Type) (f g:A->B),
  (forall x:A, f x = g x) -> f = g.

...

Definition not_bijective_impl_eq : False := func_unit_discr unit_eq_False_False_funs.
End bijective_impl_eq.

--
Daniel Schepler
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Phase 3: Big Changes

• Inductive + CoC = CIC (Frank Pfenning and Christine Paulin-Mohring, 1989) [1]

• Pattern Matching with Dependent Types (Thierry Coquand, 1992) [6]

• The first Guard Checker in Coq v5.10.2 (Christine Paulin-Mohring, 1994) [7]

• Codifying Recursive Definition with Recursive Schemes (Eduardo Gimenez, 1994) [8]

• Inductive Definitions for Type Theory (Christine Paulin-Mohring, 1996) [9]

• Un Calcul de Constructions Infinies et son application à la vérification de systèmes
communicants (Eduardo Gimenez, 1996) [10]

• 𝛽-𝜄 commutative cuts subterm rule (Pierre Boutillier, 2010) [11]

• Restore compatibility with Propositional Extensionality (Maxime Dénès, 2014) [12]

• Restore strong normalisation (Hugo Herbelin, 2022) [13]

• Extrude uniform parameters (Hugo Herbelin, 2024) [14]
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A Taste of the Guard Checker



Example: add

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.

Goal: check that add is guarded.

19



Guarded: All recursive calls have a strict subterm
as the recursive argument.



Example: add

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.

Subterm Specification
With respect to the recursive parameter m, terms
can be a

• Large Subterm (e.g. m)
•
•
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Example: add

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.

Guard Env : [n:Bound{1}|m:Large|add]

Guard Environment
Subterm specifications of terms in the local
context are stored.
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Example: add

Fixpoint add (m n : nat)
  {struct m} : nat :=
  match m with
  | O    => n
  | S m' => add m' (S n)
  end.

Guard Env : [...]
Stack     : [Closure m'|Closure(S n)]

Stack of subterm specifications
The subterm information of arguments are stored
on a stack when checking the head of an
application.
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Example: add

Fixpoint add (m : nat) :=
  fun (n : nat) =>
  match m return nat with
  | O    => n
  | S m' => add m' (S n)
  end.                   

Guard env: [m:Large|add]
Stack:     []

Initial state. Parameters after the recursive
parameter are turned into lambdas.



Example: add

Fixpoint add (m : nat) :=
  fun (n : nat) =>
  match m return nat with
  | O    => n
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For a lambda to be guarded, its
• binder type must be guarded, and
• body must be guarded.
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Example: add
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The body is checked with a updated guard
environment.



Example: add
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• return type, and
• every branch
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Example: add
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Discriminant (m) and the return type (nat) are
guarded.
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• expand into a lambda
• specify parameters
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Example: add

Fixpoint add (m : nat) :=
  fun (n : nat) =>
  match m return nat with
  | O    => n
  | S m' => add m' (S n)
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Guard env: [n:Bound{1}|m:Large|add]
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0-th branch has no parameter.
• expand into a lambda
• specify parameters
• check the “lambda”: guarded.
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Example: add
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Example: add

Fixpoint add (m : nat) :=
  fun (n : nat) =>
  match m return nat with
  | O    => n
  | S m' => add m' (S n)
  end.                   

Guard env: [m':Strict|n  :Bound{1}|
            m :Large |add:Not     ]
Stack:     []

Application with the recursive call is guarded if

• arguments are all guarded, and
• key case: the recursive argument is a strict

subterm (on the stack)



Example: add

Fixpoint add (m : nat) :=
  fun (n : nat) =>
  match m return nat with
  | O    => n
  | S m' => add m' (S n)
  end.                   

Guard env: [m':Strict|n  :Bound{1}|
            m :Large |add:Not     ]
Stack:     [Closure m'|Closure(S n)]

Arguments are checked from right to left: both
guarded.

Stack is populated with closures.
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m' is a strict subterm according to the Guard
Environment.

Done!
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More features

What if…

Delayed? Answer: Stack handles this well.

Fixpoint add (m n : nat) {struct m} : nat :=
  (fun k => match k with
  | O    => n
  | S m' => add m' (S n)
  end) m.               
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More features

What if…

Obfuscated? Answer: weak-head reduction only when checking subterm specification.

Fixpoint add (m n : nat) {struct m} : nat :=
  (fun k => match (id k) with
  | O    => n
  | S m' => add (pred (S m')) (S n)
  end) m.
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More features

What if…

Not guarded in erasable subterms?

Answer: strong normalisation (reduction only when needed).

Fail Fixpoint add (m n : nat) {struct m} : nat :=
  let _ := add m (add m m) in
  (fun k => match (id k) with
  | O    => n
  | S m' => add (pred (S m')) (S n)
  end) m.
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More features

What if…

Not guarded in erasable subterms?

Answer: strong normalisation (reduction only when needed).

Fixpoint add (m n : nat) {struct m} : nat :=
  let _ := add m (add m m) in
  (fun k => match (id k) with
  | O    => n
  | S m' => add (id m') (S n)
  end) m.

Not covered in example: 𝛽-𝜄 cuts, redex stack, nested fix, …
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The (at least) 4 Dimensions of Complexity

Dimensions of Complexity
• The stack of subterm specifications for 𝛽-𝜄 commutative cuts

• Strong normalisation:
‣ a redex stack
‣ only reduce terms to weak-head normal form when needed

• Support for mutual and nested fixpoints
‣ regular trees

• OCaml lazy for efficiency

Resulting in 1,000 lines of OCaml code.
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Full Implementation in Coq

• Complete, available as a MetaCoq (TemplateCoq) plugin.

• Feature parity with the kernel

• Test parity* with the kernel

• Intentionally kept as close as possible to Coq’s guard checker

• Available at: https://github.com/inria-cambium/m1-tan/tree/v1.0.0

28

https://github.com/inria-cambium/m1-tan/tree/v1.0.0


Conclusion and Future Work



Summary

Conclusion
• implemented the Guard Checker in Coq
• documented its features
• gave examples of its behaviour

Future Work
• verify that the guard checker itself is a terminating program
• specification of an abstract guard condition of the checker
• verify that the guard checker implements the guard condition
• relative consistency proofs for its soundness

29



Well-Founded Recursion

• An alternative to structural recursion

• Coq: structural by default; well-founded using Program Fixpoint or Equations

Lean: structural by default; well-founded attempted otherwise (termination_by)

Agda: structural by default; well-founded using Induction.WellFounded
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Agda: Semantic Termination Checking

Syntactic Semantic
Example Coq Agda
Reduction Minimal Full
Mechanism Guard Sized Types
Advantage Fast Accurate

• Chan, Li, and Bowman [15] attempted Sized Types in Coq in 2019, compilation time
increased as much as 5-15x on the Coq Standard Library.

• New algorithm in Agda by Nisht and Abel [16] is linear on input, but not yet proven
complete.
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Lean: Native Eliminators

• Lean is the opposite of Coq: eliminators are native in the kernel, recursive
functions only exist in the surface syntax

• Type Checking:
1. Eliminators are generated for Inductive Types
2. A strong (aka course-of-values) induction principle is defined using the said

eliminators
3. Recursive functions are translated into an encoding by the strong induction

principle

• Extraction (Code Generation/Compilation) to C: the syntax gets extracted as-is

• Advantage: eliminators are simpler for the theory
Disadvantage: hard to prove extraction correct, possible suprising behaviour
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