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1 Introduction and Motivations

The newly revised IEEE 754–2008 standard for floating-point (FP) arithmetic
recommends that some mathematical functions (exp, log, x 7→ 2x, . . . ) should
be correctly rounded (roughly speaking, the system must always return the FP
number nearest to the exact mathematical result of the operation). Requiring
correctly rounded functions has a number of advantages: among them, it greatly
improves the portability of numerical software and it allows one to design algo-
rithms and formal proofs of software that use this requirement. To be able to
design fast programs for correctly rounded functions, we must address a prob-
lem called the Table Maker’s Dilemma (TMD) [1, chap. 12]. We need to locate,
for each considered function f and for each considered FP format and rounding
mode, the hardest-to-round (HR) points, that is, in rounding-to-nearest, what
are the FP numbers x such that f(x) is closest to the exact middle of two con-
secutive FP numbers. The naive method of finding these points (evaluating the
function with large precision at each FP number) is far too impractical.

Two algorithms (Lefèvre [2] and SLZ [3]) have been designed to enumerate
these HR points, however; however, they are based on complex and very long
calculations (years of cumulated CPU time) that inevitably cast some doubt on
the correctness of their results. In the French ANR project entitled TaMaDi, we
thus undertake to fully reconsider the methods used to get HR points, with a
special focus on their formal validation (by enabling our programs to generate
certificates that guarantee the validity of their results).

In the sequel, we focus on the certification of the last step of the SLZ algo-
rithm, namely finding all the solutions of the systems

P (x, y) = 0,

Q(x, y) = 0,

|x| 6 A and |y| 6 B,

for each (P, Q, A, B) generated in previous steps (P, Q ∈ Z[X, Y ] ; x, y, A, B ∈ Z).
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For this purpose, we devise a type of integral roots certificates and the cor-
responding checker specification, which are based on Hensel lifting, also known
as the p-adic Newton iteration [4].

In this talk, we present a formalization within the Coq proof assistant along
with the SSReflect extension [5] of both univariate and bivariate Hensel lifting
with a uniqueness property from which we deduce a formal proof of correctness
of the integral-roots-certificates checkers.

2 Univariate Integral-Roots Certificates

For the sake of simplicity, we present below only the univariate version of our
certificates.

We define a univariate integral-roots certificate as a 5-tuple (P, B, p, k, L)
whose type is given by the following Coq Record:
Record univCertif := UnivCertif {

uc_P : {poly Z};
uc_B : N;
uc_p : nat;
uc_k : nat;
uc_L : seq (Z * bool)

}.

We will say one such certificate (P, B, p, k, L) is valid if the following condi-
tions are fulfilled:

p is a prime number, (1)

the integer k > 0 satisfies p2k

> 2 ·B, (2)

and denoting Lp = {u mod p | ∃b ∈ bool, (u, b) ∈ L} , we have:

∀s ∈ {0, 1, . . . , p− 1}, s ∈ Lp ⇐⇒ P (s) ≡ 0 (mod p), (3)
the ` elements of Lp are pairwise distinct, (4)

and for all (u, b) ∈ L, we have:

P ′(u) 6≡ 0 (mod p), (5)

|2 · u| 6 p2k

, (6)

P (u) ≡ 0 (mod p2k

), (7)
b = true ⇐⇒

(
|u| 6 B ∧ P (u) = 0

)
. (8)

Intuitively, the Boolean values “b” indicate whether the modular roots of the
polynomial are effectively some integral roots or not.

All these Boolean conditions are formalized in the form of a Coq function
univ_check : univCertif -> bool representing the univariate integral-roots-
certificates checker.
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3 Formal Verification of the Univariate Checker

The correctness proof of the univariate checker consists of proving that any
certificate that is accepted by the checker contains all the integral roots of the
considered polynomial in the considered range.

To be more precise, we need to prove that for all uc = (P, B, p, k, L) such
that (univ_check uc) holds, for all x ∈ Z we have the equivalence(

|x| 6 B ∧ P (x) = 0
)
⇐⇒ x ∈ L′ := {u | (u, true) ∈ L} . (9)

The proof of “=⇒” relies on the following lemma:

Lemma 1. Let P ∈ Z[X] and p ∈ P that satisfies

∀z ∈ Z, P (z) ≡ 0 (mod p) =⇒ P ′(z) 6≡ 0 (mod p), (10)

where P ′ is the derivative of the polynomial P . If x ∈ Z is such that

P (x) ≡ 0 (mod p2m

) (11)

for a given m ∈ N, then for
u0 := x mod p, (12)

the sequence (uk) defined by the recurrence relation

∀k ∈ {0, 1, . . . , m− 1} , uk+1 := uk −
P (uk)
P ′(uk) mod p2k+1

(13)

satisfies:
∀k ∈ {0, 1, . . . , m} , uk = x mod p2k

. (14)

First, we prove x is a root modulo p, from which we deduce x mod p ∈ Lp,
hence there exists some (u, b) ∈ L such that x mod p = u mod p, so that we can
apply Lemma 1 that can be viewed as a uniqueness result for Hensel lifting: it
says the roots of P modulo powers of p are fully determined from the knowledge
of the roots modulo p.

As regards the proof of Lemma 1, it uses Taylor’s theorem for polynomials
and it is fully described in [6]. Note that there is no constraint on the degree
of P . Yet Hypothesis (10) assumes the prime p has been chosen so that P has
no repeated roots modulo p.

For the “=⇒” part of (9), we need to verify the values stored in L′ are true
integral roots, which is indeed the case given the definition of our verifier.

4 Some Remarks on the Bivariate Case

As we focus on the certification of SLZ that deals with pairs of bivariate polyno-
mials (P1, P2) with integer coefficients, we devise some bivariate integral-roots
certificates whose structure is very similar to the one presented in Sections 2
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and 3. A major change in the bivariate version is that the condition (5) is re-
placed with

det JP1,P2(u, v) 6≡ 0 (mod p),

where JP1,P2(a, b) denotes the Jacobian matrix of (P1, P2) ∈ (Z[X, Y ])2 evalu-
ated at (a, b) ∈ Z2. In other words,

JP1,P2(a, b) =

∂P1
∂X (a, b) ∂P1

∂Y (a, b)
∂P2
∂X (a, b) ∂P2

∂Y (a, b)

 .

Furthermore, we state and prove the lemma corresponding to the bivariate
version of Lemma 1 by using some new material specific to 2-by-2 matrices, as
well as the Taylor theorem for bivariate polynomials that Laurent Théry has
formalized in Coq/SSReflect. Again, we use this uniqueness lemma to derive
the proof of correctness of our (bivariate) integral-roots-certificates checker.

5 Conclusion and Perspectives

The approach we followed amounts to viewing Hensel lifting as a so-called certify-
ing algorithm [7]. Compared to the formal verification of a traditional algorithm
(for providing what we can call a certified algorithm), the certificate-based ap-
proach that relies on a certifying algorithm ensures that the computed result
has not been compromised by any bug. Moreover, with this approach we do not
need to verify the implemented program nor the algorithm itself. This means
that we could even use a “fast-and-dirty program” to do the job, since the result
can be easily checked by the certificate verifier that has been formally proved in
Coq. In compensation the checker itself has to be somewhat efficient since the
approach rely on the individual verification of each result.

In particular, we had to work around the fact some data structures chosen
for our proofs are somewhat not computational. Now we can for instance check
a certificate for a degree-9 dense univariate polynomial with Coq 8.2 in less than
5 ms. But since the ultimate goal of this work is to provide a component that
will be involved in a full certification chain for SLZ, we might need to use more
efficient data structures in order to facilitate the verification of our certificates
within Coq.
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